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1. Introduction 

In this paper we prove two main results about the global properties of the period maps 
from the Teichmiiller space of polarized and marked Calabi-Yau type manifolds to the 
period domain of polarized Hodge structures. 

Let (M, L, {7!, • • • , 7 m }) be a polarized and marked Calabi-Yau type manifold of com- 
plex dimension n as defined in Section 12.21 which includes all simply connected Calabi-Yau 
manifolds and certain Fano manifolds. Here L denotes an ample line bundle on M and 
{7!, • • • ,7 m )} is a basis of H n (M, Z)/Tor. The moduli space M. of polarized complex 
structures on a given compact differentiable manifold X is a complex analytic space 
consisting of biholomorphically equivalent pairs of complex structure and an ample line 
bundle (M,L). We use [M, L] to denote the point in M. corresponding to the complex 
structure on a complex manifold M that is diffeomorphic to X. The corresponding Te- 
ichmiiller sapce T can be considered as the moduli space of polarized and marked triples 
(M, L, {7x, • • ■ , 7 m }), of which we refer to Section [2731 for details. 

l 
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For simplicity, in this paper we assume the Teichmiiller space T of polarized and marked 
Calabi-Yau type manifold (M, L, {ji, ■ ■ ■ , 7 m }) is a connected smooth complex manifold 
together with a versal family 

tt: U^T 

of polarized and marked Calabi-Yau type manifolds, which contains (M, L, {71, ■ • • , 7 m }) 
as a fiber. In Section |2l one will see that the Teichmiiller space is actually simply con- 
nected. We will simply use M to denote the polarized and marked Calabi-Yau type 
manifold (M, L, {7!, • • ■ , j m }). 

Let D denote the period domain of the Hodge structures of polarized and marked 
Calabi-Yau type manifolds of weight n, and $ : T — > D denote the period map from 
the Teichmiiller space of polarized and marked Calabi-Yau type manifolds to the period 
domain. 

By using the fact that the restriction of the versal family of the polarized and marked 
Calabi-Yau type manifolds on any small coordinate chart of T is a local Kuranishi family, 
one gets a local holomorphic coordinate chart around each point in T. From this we con- 
struct a global holomorphic affine structure on the Teichmiiller space T, which naturally 
induces a global holomorphic affine connection on T . We then use the global holomorphic 
affine connection on the Teichmiiller space to construct the global holomorphic coordinate 
functions on T . This construction is given in Theorem 14.21 From Theorem 14. 2| we derive 
the following global Torelli theorem on the Teichmiiller space of polarized and marked 
Calabi-Yau type manifolds: 

Theorem 1.1. Let T be the Teichmiiller space of polarized and marked Calabi-Yau type 
manifolds, then the period map 

is infective. 

If we further assume that the moduli space Ai is smooth, and consider the period map 
$x : Ai — > D/T, where T denotes the global monodromy group which acts properly and 
discontinuously on the period domain D. For simplicity we also assume that the action 
of T is free so that D/T is a smooth analytic manifold. The following main theorem of 
this paper proves that for polarized Calabi-Yau type manifolds the period map §m is a 
covering map onto its image. 

The global Torelli problem on the moduli space Ai asks when $^ is injective, and the 
generic Torelli problem asks when there exists an open dense subset U C Ai such that 
^.m|c/ is injective. In general, generic Torelli theorem on the moduli space is weaker than 
global Torelli theorem on the moduli space Ai. However as a consequence of this main 
theorem, we show that if the generic Torelli theorem on the moduli space of polarized 
Calabi-Yau type manifolds is known, then we also get the global Torelli theorem on the 
moduli space of polarized Calabi-Yau type manifolds. 

Theorem 1.2. Let Ai be the moduli space of polarized Calabi-Yau type manifolds. If Ai is 
smooth, and T acts on D freely, then the period map on the moduli space $m '■ M — > D/T 
is a covering map from Ai onto its image in D/T. As a consequence, if the period map 
on the moduli space is generically injective, then it is globally injective. 
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Note that in the most interesting cases it is always possible to find a subgroup T of 
T, which is of finite index in T, such that T acts on freely and thus D/T is smooth. In 
such cases we can consider the lift &m : A^o _ > D/T Q of the period map $x, with .Mo 
a finite cover of Ai. Then our argument can be applied to prove that §m * s actually a 
covering map onto its image for polarized Calabi-Yau type manifolds with smooth moduli 
spaces. 

This paper is organized as follows: in Section [2j we review the definition of the clas- 
sifying space of polarized Hodge structures, give the definition of the Calabi-Yau type 
manifolds, and describe definition of the moduli space of polarized Calabi-Yau type man- 
ifolds and the Teichmuller space of polarized and marked Calabi-Yau type manifolds, 
together with our basic assumptions on the Teichmuller space and its properties. Then 
we introduce the period map from the Teichmuller space of polarized and marked Calabi- 
Yau type manifolds to the period domain. 

In Section [31 we review the concepts of affine manifolds and affine maps following 
Matsushima [13], Vitter [25J, and Auslander and Markus [2]. Based on the local Kuranishi 
deformation theory, we construct a local holomorphic coordinate chart around each point 
in the Teichmuller space T, and this gives the Kuranishi coordinate cover on T. We then 
show that this Kuranishi coordinate cover gives a holomorphic affine structure on the 
Teichmuller space T of polarized and marked Calaib-Yau type manifolds. 

In Section [U we use the holomorphic affine structure constructed in Section [3] and the 
property that T is simply connected to prove the existence of a global holomorphic flat 
coordinate, and prove the holomorphic affine embedding from T into = H^ 1,n ^ s+l . 
We then use this global holomorphic affine coordinate and the affine embedding to prove 
the global Torelli theorem on the Teichmuller space of polarized and marked Calabi-Yau 
type manifolds. 

In Section [5j following [17] we describe a more geometric way to understand the holo- 
morphic affine structure on the Teichmuller space of polarized and marked Calabi-Yau 
type manifolds by using the orbit N + in D of the unipotent group. We define a Hodge 
completion T of the Teichmuller space of polarized and marked Calabi-Yau type mani- 
folds, and extend the period map to $ : T — > N + <^-> D. At the end of the paper, we 
make smoothness assumptions on both the moduli space M. of polarized Calabi-Yau type 
manifolds and on the quotient space D/T, then use the global Torelli theorem on the 
Teichmuller space of polarized and marked Calabi-Yau type manifolds, together with the 
geometry of the unipotent orbit, we show that the period map §m : M. — > D/T is a 
covering map onto its image, and conclude that generic Torelli implies global Torelli on 
the moduli space. 

Acknowledgement: We would like to thank Professors Wilfried Schmid, Andrey 
Todorov and Shing-Tung Yau for sharing many of their ideas. 

2. The period map on the Teichmuller space 

In Section 12.11 we review the construction of the classifying space of polarized Hodge 
structures and its basic properties. We refer the reader to Section 2 and Section 3 of 
[16] for more details. In Section 12. 2\ we introduce the definition of the polarized and 
marked Calabi-Yau type manifolds and the basic properties. In Section 12.31 we briefly 
describe the definitions of the moduli space of polarized Calabi-Yau type manifolds and 
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the Teichmiiller space of polarized and marked Calabi-Yau type manifolds. We then 
make basic assumptions on the Teichmiiller space, and show the simply connectedness 
property on the Teichmiiller space. In Section 12.41 we introduce the period map from 
the Teichmiiller space of the polarized marked Calabi-Yau type manifolds to the period 
domain. 

2.1. Classifying space of polarized Hodge structures. Let H^ be a real vector 
space of dimension m with a Z- structure defined by a lattice H z C H R , and let He be 
the complexification of H^. A Hodge structure of weight n on He is a decomposition 

n 

H c = Q)H k ' n - k , with H n ~ k ' k = H k > n ~ k . 

k=0 

The integers h k,n ~ k = dime H k,n ~ k are called the Hodge numbers. To each Hodge struc- 
ture of weight n on He, one assigns the Hodge filtration: 

(1) H c = F° D • • • D F n , 

with F k = H n >° © • • • © H k ' n ~ k , and f k = dim c F k = YTi=k ^' n "*- This filtration has the 
property that 

(2) H c = F k ® F n ~ k +\ for < k < n. 

Conversely, every decreasing filtration (jTJ), with the property (J2J) and fixed dimensions 
dimcF k = f k , determines a Hodge structure {H k,n ~ k }^ =0 , with 

jjk,n-k _ pk p| p n -k 

A polarization for a Hodge structure of weight n consists of the data of a Hodge Riemann 
bilinear form Q over Z, which is symmetric for even n, skew symetric for odd n, such that 

(3) Q(H k ' n - k ,H r ' n - r ) =0 unless k = n - r, 

(4) i 2k ~ n Q(v } v) >0 if v e H k ' n ~ k , v ^ 0. 

In terms of the Hodge filtration F n C • • • C F° = He, the relations ([3]) and (jlj) can be 
written as 

(5) Q (F k , F n - k+1 ) = 0, 

(6) Q(Cv,v) > if u ^0, 

where C is the Weil operator given by Cv = i 2k ~ n v when v G H k,n ~ k . 

The classifying space or the period domain D for polarized Hodge structures with Hodge 
numbers {h k ' n ~ k }^ =0 is the space of all such Hodge nitrations 

D = {F n C ■ ■ • C F° = H c | dimF fc = f k , © and © hold} . 

The compact dual D of D is 

£> = |F" C • • • C F° = H c | dim F k = f k and © hold} . 

The classifying space or the period domain D C D is an open subset. 

From the definition of classifying space we naturally get the Hodge bundles over D by 
associating to each point in D the vector spaces {F k }^ =0 in the Hodge filtration of that 
point. Without confusion we will also denote by F k the bundle with F k as the fiber, for 



each < k < n. In the rest of this paper, we may simply use Hodge structure to mean 
polarized Hodge structure of weight n. 

Let {F n C • • • C F } be a point in D, then the tangent space of D at this point is 

n n 

Hom(F k , He)- We are interested in the horizontal tangent space (f) Hom(F fc , F k ~ l ) at 

k=0 k=0 

this point. 

Given a complex manfiold S, a variation of Hodge structure of the given Hodge numbers 
and polarization on Hq is a holomorphic map 

$ : S ->• L>, 

such that the tangent map satisfies the Griffiths transversality: 

n 

$* : T 1 ' ^ ->• Hom(F fc , F fc_1 ). 

fc=0 

The map $ is called a period map on S. One denotes the image of any point p G 5* by 

= {f; c f;- 1 c • ■ ■ c F p }. 

We introduce several notations before we get to the definition of the polarized and 
marked Calabi-Yau type manifolds. We denote by P k the projection from the horizontal 
tangent space ®" =0 Hom(Fp, F*" 1 ) of the classifying space to Hom(Fp , F p _1 ) at p G S 
according to the decomposition: 

n 

P k v : QHom^F- 1 ) -> Hom(F p fc , F k ~ l ), 

i=0 

and denote the projection from 0™ =o i/p' ?1 ~ i to H™~ k,k at p G S 1 by P™~ k,k according to 
the given Hodge decomposition: 

n 

ryk,n—k . /T\ Tji,n—i . Tjk,n—k 
i=0 

for each < A; < n — 1. 

2.2. Calabi-Yau type manifolds. We generalize the definition of Calabi-Yau type man- 
ifolds in [9] as follows, 

Definition 2.1. Let M be a simply connected compact complex projective manifold of 
dime M = n and L be an ample line bundle over M with C\(L) be the Kahler class on M. 
We call M a manifold of Calabi- Yau type if 

(1) The middle dimensional Hodge numbers are similar to that of a Calabi- Yau man- 
ifold, that is, there exists some [n/2] < s < n, such that 

h s ' n ~ s {M) = 1, and h s '' n - s '{M) = for s' > s. 

(2) For any generator [Q] G H s ' n ~ s (M) , the contraction map 

j : H°> l (M,T lfi M) H s ^' n - S+1 (M) 

is an isomorphism, where Q is a d-closed (s,n — s)-form. 
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(3) H s ' n ~ s (M) = H^ n ~ s (M), and H 2 >°(M)=0. 

This paper mainly considers the polarized and marked Calabi-Yau type manifold, which 
consists of a triple (M, L, {71, • • ■ , 7 m }) with a Calabi-Yau type manifold M of dime M = 
n, an ample line bundle L over M and a basis {71, • • • ,7 m } of the integral cohomology 
group modulo torsion H n (M, 11) j Tor. In the rest of the paper we will use the Chern form 
w G Ci (L) of the line bundle L as the Kahler form on M. It is well known that each triple 
(M, L, {71, • ■ ■ , 7 m }) gives a polarized Hodge structure on the primitive cohomology group 
Hp r (M,C). For details of polarized Hodge structure on primitive cohomology group of 
Kahler manifolds, we refer the reader to Chapter 7.1 in |23| . 

Notice that if a manifold M is of Calabi-Yau type, then H s p -^ n - s+l (M) = H s ~ 1 ' n ~ s+1 (M). 
To show this, it is enough to show that the image of the contraction map is in Hp~ 1,n ~ s+1 (M), 
which is proved in the following proposition. This is because condition ([2]) in Definition 
12.11 gives that the contraction map 

j : H 0,1 (M, T 1,0 M) -> H s -^ n - s+ \M), [ip] ^ [<pjCl\ 

is an isomorphism. 

For this reason, we simply use H n (M,C) and H k,n ~ k (M) to denote the primitive 
cohomology groups if™ r (M, C) and H k ^ n ~ k (M) respectively. And the Hodge numbers 
h k ' n ~ k = dimH k ^ n ~ k (M) are the dimensions of the primitive cohomology groups. By 
using these notations, we don't change the condition ([1]) and condition ([2]) in Definition 

o 

Proposition 2.2. Let M be a Calabi-Yau type manifold. Let the contraction map and 
[Cl] E H^~ S {M) be as in Definition E3 then for any [ip] E H 0,1 (M, T 1,0 M) ; [tpM] E 
Hp~ l,n ~ s+1 (M). 

Proof. It is sufficient to show that there exists a smooth (s, n — s + 1) form 7, such that 
uj A (ip_iCl) = cfy. Since [Cl] E Hp^ n ~ s (M), there exists a smooth (s + l,n — s) form (3, such 
that uAO = dp. First we shall show the following two identities: 

(i) . d&jfi) = tpJd0; 

(ii) . ipj(u A Cl) = (ipjui) A CI + to A (ipjCl). 

To show (i), denote ip = ^^di, with ip 1 = ^Afidzj] (3 = '^2 I f3 I dzi, and (3 1 = 
J^jPjdzj. Then 

dfap) = d(j2 E ^ A ? A ((-i) |J| ^ a)) 

i I 

= ^p/A^A ((-l) |J| <9 iJt fej) + ^^/A^ 7 A ((-l)l J l +1 9 f 

i / i I 

= EE^ A ^ A ((-l) |J|+1 3i-.d*i). 

The last identity is due to the property that [ip] E H 0,l (M,T 1,0 M), which gives dip = 0. 
Then we have the identity (i), 

ipjd/3 = ^j(^^rfzj) = ^2^2^ Ad/3 A ((-l)l J l +1 3ijdzj) = 

I i I 



7 



For (ii), we denote lo = ^2 lk ijj k dz^ with co k = ^jWjdZj] & = Yli^dzi, and Vt 1 = 
Y2j fljdzj. Then we have 

(fj(u Ail) = <P->(y y j y~ y j uj k dz k A tfdzi) 
k i 

Aw fc )(<9;j^ fc ) ) A (^Q'cfej 
i k J \ I 

+ J A f(-l) |J| X)X)(¥' i An J ) A^jdzj 

= (<^ju;) A + u; A (ipjfi). 

Moreover, since G H°' 2 (M) = H 2 >°(M) = 0, there exists a G # 0>1 (M), such that 

<y?jo; = 9a. The fact that Q is a holomorphic (s, n — s)-form implies that dQ = 0. 
Combining all the above properties together, we get 

d(tpj/3) = <pj}0 = ipj(u Afi) = (<p-iu) Afi + uA (y?jfi) 
= 9a A Q + u; A (<pM) = da A + u A (y?jfJ) 
= %Afi)+wA (<pjft). 

Therefore if we set 7 = — a A Q, we get a; A = $7. □ 

From the definition, one can see that a simply connected Calabi-Yau manifold is of 
course of Calabi-Yau type. Therefore the results presented in this paper can be applied 
to simply connected Calabi-Yau manifolds. In the rest of paper, one may consider simply 
connected Calabi-Yau manifolds as our special cases. We remark that one may refer to 
[9] for many interesting examples of Calabi-Yau type manifolds of Fano type. 

2.3. Moduli space and Teichmiiller space. The moduli space M. of polarized complex 
structures on a given differential manifold X is a complex analytic space consisting of 
biholomorphically equivalent pairs of complex structures and ample line bundles (M,L). 
Let us denote by [M, L] the point in M. corresponding to a pair (M, L), in which M is a 
complex manifold diffeomorphic to X and L is an ample line bundle on M. If there is a 
biholomorphic map / between M and M' with f*L' = L, then [M, L] = [M', L'\ G M. 

We can similarly define the Teichmiiller space T of polarized complex structure by 
replacing the pair (M, L) by a triple (M, L, {^i, • • • , 7 m )}, where {71, • • • , 7 m )} is a basis 
of H n (M, Z)/Tor. For two triples (M, L, { 7l , • • • , 7m }) and (M', L', { 7 J, • • • , YJ}), if 
there exists a biholomorphic map / : M — > M' with 

f*L' = L, 

f*li = 1i for I <i <m, 

then [M, L, {71, ■ - • , 7m)}] = [M', L', ■ • • , 7^)}]. For simplicity we use [M, L, 7] to 
denote the triple [M, L, {^i, • ■ ■ , 7 m )}]. 
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In this paper we further assume that the Teichmiiller space T of polarized marked 
Calabi-Yau type manifolds is a smooth connected complex manifold, and there exists a 
versal family 

7T : U ->■ T 

containing the polarized and marked Calabi-Yau type manifold (M, L, {71, • • • , 7 m }) as a 
fiber. Recall that a family of compact complex manifolds 71 : U — > T is versal at a point 
p G T if it satisfies the following conditions: 

(1) If a complex analytic family 1 : V — > S of compact complex manifolds, a point 
s G S, and a bi-holomorphic map fo : V = U — n~ 1 (p) are given, 
then there exists a holomorphic map g from a neighbourhood TV of the point s to 
T and a holomorphic map / : i -1 (AT) — > W such that they satisfy the following 
conditions: 

g(s) =P, 

= fo, 

with the following commutative diagram 

i TT 

N — 9 —^T. 

(2) For all g satisfying the above condition, the tangent map (dg) s is uniquely deter- 
mined. 

If a family ir : hi — > T is versal at every point pGT, then it is a versal family on T. In 
this case the family i~ x {M) — > M is complex analytically isomorphic to the pull back of 
the family 7r : U — > T by the holomorphic map g. 

The versal family 7r : U — > T is local Kuranishi at any point p G T, and this implies 
that the Kodaira-Spencer map 

« : T^T ->• H°'\M p , T lfi M p ), 

for each p G T is an isomorphism. We refer the reader to page 8-10 in [18], page 94 in 
[T4] or page 19 in [22] , for more details about versal families and local Kuranishi families, 
and Chapter 4 in [12] for more details about deformation of complex structures and the 
Kodaira-Spencer map. 

For a polarized Calabi-Yau type manifold (M, L), let 

Aut(M, L) = {a : M -+ M\ a*L = L} 

be the group of biholomorphic maps on M preserving the polarization L. We have a 
natural representation of Aut (M,L), 

a : Aut(M, L) Aut(H n (M } Z)) 
a 1 — y a*. 

The following theorem tells us that the Techmuller space of polarized and marked Calabi- 
Yau type manifolds described as above is simply connected. 
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Theorem 2.3. The Techmiiller space T of polarized and marked Calabi-Yau type mani- 
folds is simply connected. 

Proof Suppose T is not simply connected, and T is the universal cover of T with covering 
map 

TTf.f -> T. 

For each point p = [M, L, 7] in T the pre-image is tt^ 1 (p) = {pi\ i G 1} C T and |/| > 1. 

Let tt : W ->• Tbe the pull back family of tt : W — >■ T with the following commutative 
diagram, 

W *U 

Then 7? : W — > T is also a versal family of polarized and marked Calabi-Yau type 
manifolds. 

Then for each different % and j G /, there exists an element a in the deck transformation 
group of the covering map, such that a(pi) = Pj. Because tt f{pi) = itfipj) = [M,L,^y], 
this a can be viewed as a biholomorphic map on M which preserves the marking 7. That 
means a G ker(cr). In the following lemma, we will show that we can extend the action 
of kera to U, which leaves T fixed and also fixing the polarization on each fiber of the 
family, thus induces the action of ker a on T. Furthermore, we will show in the following 
corollary that the action of ker a on T is a trivial action. 

Lemma 2.4. Let (M, L, 7) be a fiber of the versal family tt : U — > T. Then for any 
a G ker a, there is an extension a onU leaving the base space T fixed and also fixing the 
polarization on each fiber of the family. 

Proof. Let p G T be a point in the Teichmuller space with TT^ip) = (M,L,7). The local 
universality of the family tt : U — > T shows that there exists a neighbourhood U p of 
p G T with holomorphic morphisms a : TT^iJJp) — > U and / : U p — > T, such that the 
following diagram is commutative, 



r. 



To show a leaves the base space T fixed, it is sufficient to show that / is the identity 
on U p . Indeed f{p) = p from the definition of /, suppose / is not an identity on U p . 
Then the tangent map /* : T p U p — > T p T is not identity either. By the identification of 
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T p T with H 0A (M,T l,0 M) we have the following commutative diagram, 

~ f- 1 

H 0A (M, T 1,0 M) H^ l (M,T lfi M) 

H s -^ n - s+l (M) H s -^ n - s+l {M). 

But a G ker(o-) implies the map a* : H s - 1 ' n ~ s+l (M) -> H s ' 1 > n ' s+1 (M) is an identity. 
This contradicts the assumption that /* is not identity. 

Next we show that for each q G U p the biholomorphic map a q on the fiber M q preserves 
the polarization L. Because if 2 (M, Z) is a discrete group, we have that, for any point 
q G Up, 

c x {a* q L) = ci{a*pL) = ci(L). 

The simply connected property of M implies holomorphic line bundles on M are uniquely 
determined by the first Chern class. Therefore for any q G U p , we have 5*(L) = L. 

Now let us define a sheaf on the base space T as follows, for any open set U C T, we 
assign the group $s(U) to be all the biholomorphic maps ot v : 7r _1 (t/) — > ix~ l {U) which 
leaves the open set U fixed and preserving the polarization on each fiber. In another word 
for any a u G $>(U), we have the following commutative diagram, 

n-\U)^n-\U) 



and for each point q G U, the restriction of a u on the fiber M q = ir x (q) preserves the 
polarization L over M q . If V C U is open then the restriction map of the sheaf is given 
by, 

res : S(U) -)■ S(V) 

From the local extension result discussed as above, we have that for any point peT, 
there exists a neighborhood U p C T such that any a G ker a on M p can be extended to 
the family 7r _1 (f/ p ). This means the restriction map 

res : $s(U p ) —> ker a 

a u a u\M p 

is an isomorphism. Therefore the sheaf 3 is a locally constant sheaf. Using the fact that 
T is simply connected and Proposition 3.9 in [23], we have S is a constant sheaf. This 
means 3(T) = kera, so for each point p G T and a G ker a, there is a global section 
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T II = 

±p<u p 
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a G S(T) such that a\u p = ot. By the definition of the sheaf we have the commutative 
diagram, 



U 



U 



T 



id 



T. 



And restricted to each fiber M q the morphism preserves the polarization L. □ 

We remark that we are using the argument in Lemma 2.6 in [19] for the first part of 
proof of Lemma [2.41 As a corollary of above lemma we have the following result, which 
will be useful in the proof of Theorem 12.31 

Corollary 2.5. The action of ker(a) on T is trivial. 

Proof. For each element a G ker(cr), we have a global extension 5 acts on the family hi 
with the commutative diagram 



U 



U 



r 



f 



r. 

Then a acts on T by the holomorphic map / : T — > T ■ But Lemma 12.41 implies that / 
is an identity map. Therefore the action of a on T is trivial. □ 

But the deck transformation a : T — > T can also be viewed as a biholomorphic map 

a: U^rU. 



This is the extension of the bi- holomorphic map a : M — > M, but the Corollary 12.51 shows 
that the global extension 5 : U —> hi should leave the T fixed, this contradicts the fact 
that a(pi) = pj ^ p^ 

□ 

2.4. The period map on the Teichmiiller space. As mentioned in Section 12.21 in 
the rest of the paper, we simply use H n (M,C) and H k,n ~ k (M) to denote the primitive 
cohomology groups if™(M, C) and H^ n ~ k (M) respectively. And the Hodge numbers 



h k,n k = dim if fe (M) are the dimensions of the primitive cohomology groups. By 



pr 



using these notations, we don't change the condition (pj) and condition ()2]) in Definition 

EU 

For any point p G T, let M p be the fiber of the family n : U — > T at p, which is a 
polarized and marked Calabi-Yau type manifold. Since the Teichmiiller space is simply 
connected and we have fixed the basis of the middle cohomology group modulo torsions, we 
can use this to identify H n (M p , C) for all fibers on T, and thus get a canonical trivial bun- 
dle H n (M p ,C) x T. We have similar identifications for H n (M p ,Q) and H n (M p ,Z)/Tor. 
The Hodge numbers {h s ' n ~ s , . . . ; h n ~ s ' s } of M p are indepentdent to the choice 

of p G T . Therefore we have corresponding data of H n (M,C), H n (M,Z), {h k,n ~ k } and 
the intersection form on H n (M, C) on a given polarized and marked Calabi-Yau type 
manifolds. 
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Let D be the period domain defined as in Section 12.11 The period map 

$ : T ->■ D 

from the Teichmuller space of polarized and marked Calabi-Yau type manifolds to the 
period domain is defined by assigning each point peT the Hodge structure on M p . 

We denote $(p) = {F S (M P ) C ••• C F n - S (M P )}, F k (M p ) by F k and H k > n - k (M p ) by 
H k,n ~ k for convenience. 

Recall that we have described general period maps in Section 12.11 Here we remark 
that period maps have several nice properties, the reader may refer to Chapter 10 in [23] 
for details. Among these properties, the one we are most interested in is the following 
Griffiths transversality on the period map $ : T — > D from the Teichmuller space of 
polarized and marked Calabi-Yau type manifolds to the period domain, that is, for any 
p G T and v G T p 1,0 T, the tangent map satisfies, 

s 

(7) *.(„) G Horn {F k /F k+ \ F k p ^ / F k ) , 

k=n—s 

where F s+1 = 0, or equivalently 

s 

$*(v)e Eom(Fp,Fp~ 1 ), 

k=n—s 

such that for any v G T p ,0 T and [a] G F k , 

$,(«)([«]) = [k(v)jo\. 

For the period map on the Teichmuller space of polarized and marked Calabi-Yau type 
manifold, we have the following property. 

Proposition 2.6. For any p G T and any generator [Q p ] of F*, the tangent map the 
map 

P; o : T^T = H°>\M P , T lfi M p ) -)• HomiF;, F^/F^) S H s p -^ n ~ s+1 
is an isomorphism. 
Proof. The first isomorphism 

T^°T = H ' x {M p ,T Xfi M p ) 

follows from the condition for Kuranishi families that the Kodair-Spencer map is an 
isomorphism. The second isomorphism 

Hom(F p s , f;~ 1 /f;) = H s p - l ' n - s+l 

follows from the condition on Calabi-Yau type manifold that dimi^ = 1. This isomor- 
phism is determined by the choice of the generator [fl p ]. 
Now it is clear that the map 

P; o : H^\M p ,T lfi M p ) H s p ^ n - S+1 

is given by contraction 

p;o^( v ) = [K(v)Mp]. 
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This contraction map is an isomorphism by second condition in the definition of Calabi- 
Yau type manifolds. The proof is complete. □ 

To end this section, we introduce corresponding notations for the Hodge bundles for 
Calabi-Yau type manifolds. Hodge bundles over T are the pull-backs of the Hodge bundles 
over D through the period map. For convenience, we still denote them by F k , for each 
n — s < k < s. We will also denote by P k the projection from H n (M p ,C) to F k with 
respect to the Hodge filtration on M p , and P^~ k,k the projection from H n (M p , C) to 
ffn-k,k accorc li n g to the Hodge decomposition on M p . 

3. HOLOMORPHIC AFFINE STRUCTURE ON THE TEICHMULLER SPACE 

In this setion we will construct a holomorphic affine structure on the Teichmiiller space 
of polarized and marked Calabi-Yau type manifolds. In Section 13.11 we will give a brief 
review on definitions and some basic properties of affine manifolds and affine maps. One 
may refer to page 215 of [13], page 231 of [25], page 141 of [2] for more details. In Section 
13.21 we construct a local coordinate system around each point of the Teichmiiller space T 
of polarized and marked Calabi-Yau type manifolds, which gives the Kuranishi coordinate 
cover on T ■ In Section |3~3| we prove that this Kuranishi coordinate cover is a holomorphic 
affine cover, thus it gives the holomorphic affine structure on the Teichmiiller space. 

In this section, we will freely use the notations of the Hodge numbers, Hodge decom- 
positions and Hodge nitrations from the definition of Calabi-Yau type manifolds in the 
previous section. 

3.1. Affine manifolds and affine maps. 

Definition 3.1. Let M be a differentiable manifold of real dimension n, if there is a 
coordinate cover {(Ui, ipi); i E 1} of M satisfying that ipn- — ipi o (p^ 1 is a real affine 
transformation on M. n , whenever Ui fl Uk is not empty, then we call that {(Ui, tpi)\ i E 1} 
is a real affine coordinate cover on M and it defines a real affine structure on M. 

Similarly one can define the concepts of holomorphic affine coordinate cover and holo- 
morphic affine structure on a complex manifold M: 

Definition 3.2. Let M be a complex manifold of complex dimension n, if there is a 
coordinate cover {(U, (fi); i E 1} of M satisfying that cpn- = tpi o ip^ 1 is a holomorphic 
affine transformation on C n , whenever UidUk is not empty, then we call that {(Ui, (pi); i E 
1} is a holomorphic affine coordinate cover on M and it defines a holomorphic affine 
structure on M. 

We have the following concept of the holomorphic flat connection, which is one-to-one 
correspondent to the holomorphic affine structures on a complex manifold. For details 
about this, we refer the reader to page 216 of [13], page 233-234 of [25] or page 140 of [2J. 
The proof for the one-to-one correspondence between holomorphic flat connections and 
holomorphic affine structures can be found in page 217-219 of [13] or Section 3 of [25] . 

Let M be a complex manifold, and T(M,TM) denote the space of smooth sections of 
the tangent bundle of M. A linear connection V on M is defined to be a bilinear map 

T(M, TM) x T(M, TM) -> T(M, TM), (X, Y) ^ V X Y 

satisfying the following conditions, 
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(i) V /y X = /VyX; 
(ii) V Y fX = f(V Y X)+Y(f)X 

for any / G L7°°(M). 

A linear connection V is called a holomorphic linear connection if the following two 
more conditions are satisfied, 

(iii) (VyX) 1 ' = VyX 1 ' ; 

(iv) If V and W are complex holomorphic vector fields defined on an open subset 
U C M, then Vvk^ is a ls° holomorphic on U. 

A holomorphic linear connection V is called a holomorphic flat connection if the fol- 
lowing two additional conditions are satisfied, 

(v) V X Y-V Y X=[X,Y}; 

(vi) VxVy - VyVx - V [X ,Y] = 0. 

Condition (v) and (vi) is saying that a holomorphic flat connection V is a holomorphic 
linear connection which is torsion-free and has zero curvature. 

Now let us consider affine maps between holomorphic affine manifolds. 

Let M and M' be two holomorphic affine manifolds with holomorphic coordinate covers 
{Ui, tpi} and {Vj,i/jj} respectively. They both have natural holomorphic flat connections 
according to the one-to-one correspondence between holomorphic flat connections and 
holomorphic affine structures. Let / : M — > M' be a smooth map. We call / : M — > M' 
a holomorphic affine map if the induced map /* : TM — > TM' maps every horizontal 
curve into a horizontal curve, that is, / maps each parallel vector field along each curve 
j(t) of M into a parallel vector field along the curve /(7(£)). Especially if the tangent 

vector field — 7ft) is parallel along j(t), then the image of this vector field is also parallel 
at 

along f("y(t)), that is, / maps geodesies on M to geodesies on M' . Since the geodesies 
on an affine manifold are straight lines in the holomorphic affine coordinate charts, we 
deduce that a smooth map / : M — > M' is a holomorphic affine map if and only for any 
f^iYj) n Ui ; ^ 0, the following map 

(8) ^ o / o tp; 1 : nif^M) n Ui) Vi(^) 

is a holomorphic affine transformation. Here V 9 i(/ _1 (^7') ^ U) and ipj(Vj) are both open 
sets in complex Euclidean spaces. 

In particular, for later use, we mention the following theorem about the extension of 
holomorphic affine maps, which is the holomorphic analogue of Theorem 6.1 in [11J. We 
refer the reader to page 252-255 of [UJ and Section 4 of [S] for the proof. 

Theorem 3.3. Let M be a connected, simply connected holomorphic affine manifold and 
M' be a complete holomorphic affine manifold. Then any holomorphic affine map fu on 
a connected open subset U of M into M' can be uniquely extended to a holomorphic affine 
map f on M into M' . 

3.2. Local holomorphic coordinates on the Teichmiiller space. For any fixed point 
p G T, we choose orthonormal bases {7/0} and {rji, ■■ ■ ,1]^} of H^ n ~ s and Hp~ 1,n ~ s+1 
respectively. Let U p be a small neighbourhood around p, and [fl p ] be a local holomorphic 
section of the Hodge bundle F s = H s ' n ~ s , i.e. 

[Q p ] : U p ^F s = H s ' n ~ s , 
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such that [^ p ](g) G F q = H^' n ~ s . Without loss of generality we also assume [fi p ](p) = r] . 
Since as complex vector spaces, H n (M p , C) = H n (M q , C) for any q G U p , we have 

(9) Pr- s ([n P ](q))=a (q)vo, 

(10) P^ n - s+1 ([n p ](q)) = ai (q) m + ■■■ + a N {q) VN , 

for certain holomorphic functions a,(g) in q. This gives us a collection of local holomorphic 
functions on U p , 

(11) n-.Up^C, Ti{q) = ai{q)/a {q), for 1 < i < N. 

In particular, Tj(p) = for 1 < i < N. 

In the following proposition we will show that these functions actually give a local 
holomorphic coordinate system on U p . 

Proposition 3.4. The holomorphic map on U p , 

p Up :=(r u --- ,r N ): U p -+ C N 

is a local embedding. 

Proof. The proof follows directly from Proposition 12. 6[ which shows that 

p; o : t}>°t -»- H;- l > n ~ s+1 

is an isomorphism. Let {ti, • • • , t^} be an arbitrary local holomorphic coordinate system 
around p, then we have the Jacobian matrix [dai/dtj] i j_ which is non-singular at p. This 
means {a%, ■ ■ ■ ,a N } gives a local holomorphic coordinate system around p. 
Since = ai/a Q , we have 

dai da 

dri dti dtj a% n 

- —1 = — °- — , for 1< % < N. 



dt 3 



0t~ da ■ 

Since a Q (p) = 1, and aj(p) = 0, thus Trr(p) = -k—(p)- Therefore {r 1; • ■ ■ ,t n } also gives 

dtj otj 

a local holomorphic coordinate system around p. This proves that the map p v is a local 
embedding. □ 

Notice that the definition of these coordinate functions depends on the choices of the 
basis {r] , 771, • • • , i] N } of H^' n ^ s © ffs-i,n-s+i ^y e ca ^ [ oca j holomorphic coordinates 
{ri, • • • , r N } the local holomorphic coordinates associated to {rj , rji, ■ • • , r/ N }. 

In general, for any point q G T, by choosing bases of H^' n ~ s and Hg~ 1,n ~ s+1 , we can 
define such a local holomorphic coordinate (U q , {a±, • • • , o"at}) around q in the same way. 
We call the collection {(U q , {o~i, • • • ,0Ar}),gG T} constructed in this way the Kuranishi 
coordinate cover over T, and each local holomorphic coordinate system (U q , {at, • • • , o~n}) 
a Kuranishi coordinate chart around q. 

For p G T, by using the Kuranishi coordinate chart (U p , {ti, • • • , t n }), we can express a 
holomorphic class in H q ,n ~ s at each point q G C/ p in the following Taylor expansion form: 

(12) K T ](q) = [n p ){q)/a {q) = rj + n(g)^ + ■ • ■ + rjv(g)w + g(q), 
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s 

with 6 jfs-k,n-s+k This gives us a local holomorphic section of F s on U p : 

k=2 

We call [flp T ] the local canonical section of F s around the point p in the local holomorphic 
coordinate system (U p , {t\, ■ ■ ■ , Tat}). 

To close this subsection, we remark that different choices of the bases of H^ n ~ s © 
}{s-i,n-s+i won 't a ff ec t the afflne structure that we will show on the Teichmuller space T 
of polarized and marked Calabi-Yau type manifolds in the following sense. 

For a fixed point p G T, we can construct, as in Section 13.21 the local holomorphic 
coordinate charts (U p , {ti, ■ • • , tn}) and (U p , {t[, ■ • • , r' N }) associated to two different 
bases {i] , Vi-> ' ' ' 5 Vn} and {r]' , rj[, • ■ ■ , r/' N } of H^ n ~ s © H^ 1 ' n ~ s+1 respectively, then we 
can conclude: 

Lemma 3.5. The transition map between (U p , {r 1; ■ • • , tjv}) and (U p , {t[, ■ ■ ■ , r' N }) is a 
holomorphic affine map. 

Proof. Let A be the N x N matrix, such that (rji, • • • , rj^) = (rj[, • • • , i]' N )A, and r] = cr]' , 
for some c G C. Using the same notations as in (J9]), (TTUT) and (jTTI) . we define 

Ti = ai/ao, and r/ = a^/a^, for 1 < z < N. 

Then we have the canonical holomorphic classes [fip !r ]((?) and [R^/Kg) at q G U p expressed 
in different local holormorphic coordinates, respectively: 

[ fi p,rK<?) = [tt p ](q)/a (q) = Vo + n(q)Vi + ••• + r N (q)rj N + g(q), 

[n c p!T ,)(q) = [n p )(q)/a' (q) = V ' + Tl (q)rf x + ■■■ + Mq)^ + g'(q), 
with g(q),g'(q) G 0fel n _ s H^ n ~ k . Thus, we have 

P P ](q) = a (q) (m + J2n(q)7)i + g(q)\ = a' (q) L'o + Ylj'^'i + 

By comparing the coefficients of (s,n — s) type part of [O p ](g), we get, 

ao(q)cri' = a (q)r] = a' Q (q)r)' , 

thus ^ = c. 

By comparing the coefficients of the (s — l,n — s + type part of [Q p ] (g), we get, 

(Vir-- ,Vn)(ti,--- ,t n ) t = c (rj[,--- ,Vn)( t i,- • • , t n) T = c (Vu • • • ,Vn)A(t[,--- ,t' n ) t . 
which implies 

(n,--- ,t n ) t = cA{t[,--- ,t' n ) t . 

Thus the transition map between (r 1; • • ■ , t n ) t and (r[, ■ ■ • , t' n ) t is cA, which is holo- 
morphic affine. This completes the proof of the lemma. □ 
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3.3. Holomorphic affine structure on the Teichmiiller space T . 

We say an orthonormal basis 

£ = {£cb £i; • • ■ > £/v, ■ • • , £/fc+i, ■ • • , £/ fe -i ; ■ • ■ > £/»- s + 2 ) ■ • ■ > £/»- s + 1 -i> £/™- s -i} 
of H n (M, C) is an adapted basis for the given Hodge decomposition 

H n (M, C) = H s ' n ~ s © H" 1 '"-'* 1 © • • ■ © fp-'+M-i © fp-».», 

if it satisfies 

F k /F k+1 = H k > n ~ k = Span c {£ /fe+1 , • • ■ . 

Recall in Section E£J we can identify a point = {F p s C F p s_1 C • • • C G £> 

with its Hodge decomposition ©JL n _ s H k < n ~ k . Thus we have the notion of an adapted 
basis for the Hodge decomposition for each p G T. In the rest of the paper, we will 
write an adapted basis for the Hodge decomposition of H n (M p , C) at each point p £ Tin 
the row vector form, 

£ — (Co, £i, • • • , 6v, • • • , • • • , £/ fe -i, • • • j £/™- a + 2 , • • • ; £/ n_s+1 -i' £/ n - s -i)- 

Recall that a square matrix T = [T Q,/3 ], with each T a,/3 a submatrix, is called a block 
lower triangular matrix if T a, ° is zero matrix whenever a < (3. We use to denote the 
entries of the matrix T. 

Let $ : T — >■ -D be the period map from the Teichmiiller space of polarized and marked 
Calabi-Yau type manifolds to the period domain. For a fixed point p G T, we construct 
the local holomorphic coordinate system (U p , {r 1; • • • , r N }) around p associated to a given 
basis {£o0),£i(», • ■ ■ ,6v(p)} of H°> n ~ s © H^ n ~ s+1 as in Section O We complete the 
basis {£o(p)> £i(p)j • " " ; £v(p)} to an adapted basis {£o(p),' -- , £m-i(p)} for the Hodge 
decomposition of Then we will have the following lemma. 

Lemma 3.6. For an adapted basis {£o(t)j ' ' ' >£m-i(V)} /or £/ie Hodge decomposition of 
$(r) /or an?/ r G £/ p , i/iere exzsfo a non-singular block lower trangular matrix T(r) suc/i 

- ,£ m -i(r)) = (&(?),••• ,£m-i(p))T(r). 

Proof. This lemma is a direct corollary of the Griffiths transversality for the period map 
from the Teichmiiller space of polarized and marked Calabi-Yau type manifolds to the 
period domain. In this proof, we identify the notation for a point r G U p with its 
corresponding coordinates in the local coordinate system (U p , {ti, • • • tjv}). 

Consider a local holomorphic family of adapted bases {£o, • • • , Cm-i} f° r the Hodge de- 
compositions of the Hodge structures over U p , obtained by trivializing the Hodge bundles 
in a small neighbourhood of p, such that {£o(p), ■ • • , Cm-i(p)} is the given adapted basis 
for the Hodge decomposition of $(p). That is, for any r G C/ p , {£o( r ) ; ■ • • ,£,m-i( T )} gives 
an adapted Hodge basis for the Hodge decomposition of $(t). We need to show that 
for any r G {7 P , the adapted basis {£o( r )> • ■ ■ ,£m-i( T )} for the Hodge decomposition of 
$(r) given by this local holomorphic family is differed from {£o(p) ; • • • ,£m-i(p)} D Y a 
non-singular block lower triangular matrix. Let 

{F T S C F;- 1 C • • • C F?- s } = $(r) 
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be the Hodge filtration determined for the Hodge decomposition of 3>(t). Then the 
Griffiths transversality implies that 

(13) -^(F k /F k+1 ) C F^/Ff, for all n - s < k < s 

where the quotient bundle F k /F k+1 is a holomorphic vector bundle over T and has the 
relation F k /F k+1 = H k ' n - k . 

For each f k+l < j < f k - 1, we have ^(r) G F k /F k+1 = H k ' n ~ k , and by using ([13]), we 
get 

d_ 

With the convention of multiple derivative notations, we get 
d \i\ 



r &(r) e F k - l /F k = H k ~ 1 ' n - k+1 for each 1 < I < N. 



Cj(r) e F*~W/F k+1 -W = H*~W' n - k+ W for each |/| > 0. 



Thus we can write ~q~j£j( t ) as a linear combination of {£fk+i-\i\(T), • • • , 6/ fc -m-i( T )} : 

(i i) ^ (r) = E W&to> for each l J l > 

/fc+l-l-fl<i</fe-l-fl_l 

where T^-(r)'s are holomorphic functions in r. 

Now let us look at the Taylor expansion of £j(t) at p for all / fc+1 < j < f k — 1. We 
get, for |r| < e small, 

(is) &(r) = ^(py = E f E w&(p) ] ^ 

|/|>0 |/|>0 y/*+i-l-r|<i</fe-l-f|-i y 

(16) = £ T ^( r )^)> 

j>yfc+l 

where if |I| = d for some d > 0, then for any f k+1 ~ d < i < f k ~ d — 1, we write 

^) = E^) r/ - 

u\=d 

Thus by taking all n — s < A; < s, (1161) gives us a m x m matrix T(r), such that 

(17) (Ut),--- ,U-i(t)) = (Up),--- ,U-i(p))t{t) 

If we set the blocks of T(r) in the following: for each < a, (3 < 2s — n, the (a,/3)-th 
block T a,/3 of T(t), is 



= [T«(r)] 



J--a + s + l<j<J-a + s_^ j f~ l3 + 3 + 1 <j<f~ l3 + s -l 



then from ([16]), we see that for any < f3 < 2s-n, and f-P+ l+s <j< f-P+»-i t T^t) = 
if % < f-P+ 1 +» - 1, namely if < /^+ s+1 , then T a ^ = 0. As f k = J2i= k hhn ~ l 



19 



is decreasing with respect to k, we have when /3 > a, T a,/3 
T(r) has the following form, 



0. Thus we concludes that 



rpOfi 

* 
* 





j>i,i 

* 






7^2,2 



* * * 

* * * 

* * * 









^2s-n-2,2s-n-2 

* 
* 









rp2s— n— 1,2s— n— 1 
* 



T 










2s— n,2s— n 



which means that T(r) is a block lower triangular matrix. Moreover, as vector spaces, F® 
and Ffj are the same, thus as the transition matrix between two bases of the same vector 
space, T(r) is obviously non-singular. This completes the proof of Lemma [3.61 □ 

Here we remark that in [8], we have used column vector for the adapted basis for the 
Hodge decomposition of while in this paper we use row vector for the adapted basis 
of Due to such different conventions, the form of matrix T(r) in this lemma and 

c(q) in Lemma 4.5 of [8] should be transpose to each other. 

Let $ : T — > D be the period map from the Teichmuller space of polarized and marked 
Calabi-Yau type manifolds to the period domain. For a fixed point p G T, we construct 
the local holomorphic coordinate system (U p , {r 1; • • • , r N }) around p associated to a given 
basis {770,771, • ■ ■ ,Vn} of H^ n ~ s © #s-i,n-s+i ag - m g ec ti on 13, 21 We complete the basis 
{770, 771, ■■ • , ?7at} to an adapted basis {770, ■ • • , 77 m _i} for the Hodge decomposition of 

In Lemma 1321 we require r G U p , where U p is a small neighbourhood of p as the Taylor 
expansion f|T6|) holds for \t\ small. However, by using the connectedness of T, we can 
prove the following corollary. 

Corollary 3.7. For an adapted basis {(q, • • • , Cm-i} f or the Hodge decomposition of<&(q) 
for any q G T , there exists a non-singular block lower trangular matrix T such that 



(Co ■ ■ • , Cm-i) = (?7o, ■ ■ • , r] m -i)T. 

Proof. Since T is connected, there exists a smooth curve 7(3) connecting p = 7(0) and 
q = 7(1) and moreover we can choose 

= s < si < ■ • ■ < s d _i < s d = 1, 
such that for all < Z < d, j(si + i) G ^ 7 (s ; )> with Z7 7 ( S; ) small enough. 

Let (ZXyfsj), {r x , ■ • • , r^ )} is the local holomorphic coordinate system associated to a 
basis 



{£o(7(^),6(7(^))r--,£;v(7(^))} 



of #TT S 



f/T S / f s+1 as defined in Section 13.21 such that 
7( s i) 1 — 1 



{£o(7(so)), 6(7(so)), 
{£o(7(^)),£i(7(^)), 



J r iV / 



Cjv(7(so))} = {t/o, 7/1,' 
,6v(70d))} = {Co, Ci, 



Vn}, 
Xn}- 
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For simplicity, we will denote j(s{) = fy. 

For each < I < d, we complete the basis {£o(h),--- , 6v(^)} to an adapted basis 
{6o(^0 > ' ' ' ,£,m-i(h)} for the Hodge decomposition of $(&{), such that 

(19) (£o(M, • • ■ >&n-l(&o)) = (VO, ■ ■ ■ ,Vm-l), (€o(bd), ■ ■ ■ ,€m-l(bd)) = (Co, • ■ ■ ,Cm-l)- 

Since b\ G ET^, we can apply Lemma [3761 for any 1 < I < d to get that there exists a 
non-singular block lower triangular matrix T(bi) such that: 

(£o(&i),--- ,u-i(bi)) = ceo(fei-i),--- ,em-i(6i-i))T(6,)- 

Then using this formula repeatedly, together with (1191) . we get that the transition ma- 
trix between the two adapted bases {Co, - '' > Cm-i} an d {770, • ■ • , ?7m-i} f° r the Hodge 
decompositions of and $(g): 

(Co, • ■ ■ , Cm-i) = (^0, • • ■ , r] m _i)T(6i)T(6 2 ) ■ ■ ■ T(6 d _i) ■ T(& d ). 
Denoting T = T^Tfo) ■ ■ ■ T{b d ^) ■ T(b d ), we get, 

(Co, • • • , Cm-l) = (??0, • • • , Vm-l)T. 

For each < / < d, T"(6;) is a non-singular block lower triangular m x m matrix, thus so 
is T. This completes the proof of the corollary. □ 

From the proof of this corollary, one gets similar formulas as in ( fl6l) of the transforma- 
tion between the adapted bases {rjo, • • • , ^ m _i} and {Co, • • • , Cm-i} m terms of the entries 
of the matrix T, i.e. for each n — s < k < s: 

(20) = E T ^ for f k+l <3<f k ~ l - 

i>fk + l 

Recall that we have defined a local canonical holomorphic section \Q° T ] on U p , and we 
expressed the local canonical class [Qp T ](g) G H^ n ~ s in the Taylor expansion form (fP2!) 
by using the local holomorphic coordinates (U p , {r 1; • • • , r N }). Using the condition that 
hp' n ~ s = 1, we can show the following proposition: 

Proposition 3.8. Fix p G T and (U p , {ti, • ■ ■ , tat}) i/ie Kuranishi coordinate chart asso- 
ciated to a fixed basis {rjo, rji, ■ ■ ■ , of Hp' n ~ s © Hp~ 1 > n ~ s+1 , then for any q G U p , and 
any [Q q ] G Hq' n ~ s , there exists a constant A G C such that 

[ej = a ({n; tT ]( q )) =aL^ r,(?)^ + <?(g) 



i=l 



m& <?(g) G ® k > 2 H;~ k ' n - s+k . 

Proof. Since dime H^ n ~ s = 1, and both [p° r ](g) and [Q q ] belong to H^' n ~ s , there exists 
a complex number A such that, 

[e ff ] = A(p£ T ](g)). 

Using ( Tl2l) . we get the conclusion. □ 
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Note that in the above proposition, if we let [Q q ] vary holomorphically in q, then A also 
depends on q holomorphically. But we will not need this property in this paper. 

Next we will use Lemma I3.5[ Corollary 13.71 and Proposition 13.81 to prove that the 
transition maps in the Kuranishi coordinate cover as constructed in Section 13.21 on the 
Teichmiiller space of polarized and marked Calabi-Yau type manifolds are actually affine 
maps. This is given in the following theorem. 

Theorem 3.9. The Kuranishi coordinate cover on T is a holomorphic affine coordinate 
cover, thus it defines a global holomorphic affine structure on T ■ 

Proof. We use the same notations as in Corollar 13.71 Let p, q G T, and U p , U q the 
corresponding small neighbourhoods of p and q, with U p D U q ^ 0. Suppose that 
(Up, {ti, • • • , tjv}) is the local holomorphic coordinate system associated to the basis 
{rjo, rjx, ■ • • , r/ N } of Hp' n ~ s © iJp~ 1,n ~ s+1 , and (U q , {<Ti, ■ ■ • , o- N }) is the local holomorphic 
coordinate system associated to the basis {Co, Ci> " ' ' , Cn} of H q ' n ~ s Q)H q ~ 1 ' n ~ s+1 as defined 
in Section I3T2"1 We complete these two bases to adapted bases {r/ , r/ 1 , ■ ■ ■ , r/ N , • ■ ■ , r/ m _i} 
and {Co, Ci? " " " Xn,--- , Cm-i} f° r the Hodge decompositions of and respec- 
tively. 

We shall prove the theorem by dividing it into the following two cases. 

Case 1: When p = q, if {rj , ■ ■ ■ , r/^} and {Co, • • • , Cn} are the same, then the transition 
map between the coordinates is just the identity map, thus a holomorphic affine map. 
Otherwise, according to Lemma I3.5[ the transistion map is a holomorphic affine map. 

In particular, this also tells us that we can use any choice of the orthonormal basis 
of Hp' n ~ s © jjs-i,n-s+i arounc i a fixed point p G T for our discussion about the global 
holomorphic affine structure on T. 

Case 2: When p ^ q, for any point r G U p fl U q , let us compute the transition 
map between its coordinates in U p and U q which we denote by {ri(r),-- - ,T^(r)} and 
{o"i(r), ■ ■ • , cr7v(r)} respectively. 

Let [f2p iT ](r) G Hp n ~ s be the canonical (s,n — s) class defined by f|T2|) in the local 
coordinates (U p , {r 1; ■ • • , r N }) around p, 

N 

(21) KA(r) = m + Y,rAr)m + E 9l(r(r)) V l, 

j=l 1>N+1 

where r(r) is the coordinate of r in {U p , (t\, ■ ■ ■ , t>/)}. 

Similarly, let G Hp n ~ s be the canonical (s,n — s) class defined by f lT2]) in the 

local coordinates {cri, • • • , erv}) around g, 

AT 

(22) K,](r) = Co + J2 a ^+ E 

i=i />v+i 

where cr(r) is the coordinate of r in {[/ p , (o"i, • • • , Cn)}- 

Since [f2p T ](r) and [f2g i(T ](r) are both in Hp n ~ s , applying Proposition 13. 8} we get that 
there exists A G C, such that: 

v / n \ 

(23) 770 + X>i( r >7i + E = A I Co + E^WO + E /i( ff ( r ))Ci • 

j=l Z>iV+l \ j=l 1>N+1 J 
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On the other hand, by Corollar 13 .7\ there exists a non-singular block lower triangular 
m x m matrix T, such that: 



(24) (Co, • • • , Cm-i) = (Vo, ■■■ , Vm-l)T. 

According to fl20l) . we can write (|24p explicitly as follows, 

= E for each < j < f k - 1 

j>j*c+i 



and for each n — s < k < s. Thus 



can be written as 



A? 



^o + X^'^H' + E 9i{T{r))rii 



«>Af+l 



=a 5>°^+E °"i( r ) E 7 ^ 



J>0 



i>l 



E E ) 

1>N+1 \ j>N+l / J 



By comparing the coefficients of rjo, we get A = Xqq 1 . Projecting both sides of the above 
equation to if*~ 1,n-s+1 , we get: 

E T ^ r )^ = A E Ti0 ^ + E a ^ r ) E T ^ ) ) 

3=1 \i>l j=l \ i>l / J 

By comparing the coefficients for each rjj, 1 < j < N, and substituting A = , we get 

TooTj(r) = T j0 + ^a i {r)T ji . 

That is, 



i=i 



(25) 



-oo 







-T 10 - 










+ 






Tno. 





Tu ■ ■ ■ Tin 
Tni ■ ■ ■ Tnn 



Since for all < i,j < N, T L j are constants depending only on p and q, thus ( 1231) 
shows that the transition map between (7i(r),-- - ,r/v(r)) T and (oi(r),-- - , cr^r)) 71 for 
any r G t/ p D C/ ? is an affine map. This completes the proof of this theorem. □ 

In the next section, we shall use this global affine structure on T to show that there 
exists a global affine coordinate system on the Teichmiiller space of polarized and marked 
Calabi-Yau type manfolds, and then prove the global Torelli theorem on the Teichmiiller 
space. 
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4. Global Torelli theorem on the Teichmuller space 

In this section, we prove the global Torelli theorem on the Teichmiiller space T of 
polarized and marked Calabi-Yau type manifolds. The proof is based on the construction 
of the global holomorphic flat coordinates on T. In Section 14.11 we use t ne holomorphic 
affine structure constructed in Section [3] to prove the existence of global holomorphic 
flat coordinates on the Teichmuller space T of polarized and marked Calabi-Yau type 
manfolds, which induces a natural holomorphic affine embedding from the Teichmuller 
space into C N = Hp~ 1,n ~ s+1 . In Section H~2| we use the global holomorphic flat coordinates 
on T to prove Theorem 14.41 which is the global Torelli theorem on the Teichmuller space 
of polarized and marked Calabi-Yau type manifolds. 

4.1. The holomorphic affine embedding from T into = H p < ~ 1,n ~ s+1 . First recall 
that in Section 13.21 we constructed the Kuranishi coordinate cover on the Teichmuller 
space T, that is, for each p G T, we defined a local holomorphic coordinate chart 
(Up, {ti, • • • , r N }) around p which is associated to a chosen bases {r] Q } and {771, • • • , r] N } 
of Hp ,n ~ s and Hp~ 1,n ~ s+1 respectively. By setting p v (q) = (ri(q),--- , T/v(g)) T , for any 
q G Up, we then get a local holomorphic embedding around p, 

. TT v (P<N r^j TTS — l,n — S+l rvy rplfirr- 

Pu p • U P L = H p = P 

Here recall that we make the identification Hp~ 1,n ~ s+1 = C N by fixing the orthonormal 
basis {rji, ■ ■ ■ , rj^} of /p-i,n-s+i B ecause the holomorphic affine structure on T is defined 
by the Kuranishi coordinate cover, we have that the local holomorphic coordinate map 
p Up : U p — > C N = jjB-i,n-s+i j g an a fg ne ma p on Up Then by applying Theorem 13.31 we 

get the following lemma: 

Lemma 4.1. There exists a unique global holomorphic affine extension 

Pp :T^C N = H*-^ n ~' +1 

°f P Up > suc h that when restricted on U v , p p \u p = P Up - 

The theorem below will give us the global holomorphic affine coordinates on T and 
consequently the global holomorphic embedding of T into C N = Hp~ l,n ~ s+1 . Recall that 
in Section 13.31 we showed that the Kuranishi coordinate cover gives us a holomorphic 
affine structure on the Teichmuller space T of polarized and marked Calabi-Yau type 
manifolds. By the discussion in Section 13.11 we have a corresponding global holomorphic 
affine connection V on T. We shall use this global holomorphic affine connection V and 
the assumption that T is simply connected to construct the global holomorphic coodinate 
functions. We then prove that it agrees with p p . 

Theorem 4.2. The holomorphic affine map p p : T — >■ = H^ 1 ^^ 1 is a holomorphic 
affine embedding. 

Proof. The proof is mainly to show p p is given explicitly by a global holomorphic flat 
coordinates. 

To construct the global holomorphic coordinate system t — (t\, ■ ■ ■ , tjv) on T, we start 
from a point p G T, and the local holomorphic coordinate system (U p , {t\, ■ ■ ■ ,t^}) 
around p as defined in Section I3~2l Then we will follow the discussions as in page 217 of 
[T3] . Because (U p , {t\, ■ ■ ■ , r N }) is a local holomorphic coordinate chart, the holomorphic 
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vector fields {d/dri,--- ,d/dr N } form a local parallel frame of T lfi U p with respect to 
the holomorphic flat connection V on T. Because T is simply connected and that the 
holomorphic connection is torsion-free and flat, we can extend this local parallel frame, 
by parallel transports, to a global holomorphic parallel frame {Vi, • • • , Vn} of T 1,0 1~. We 
denote by • • • , 9 N } the dual frame of {V± : ■ ■ ■ , Vn} defined by the condition 

e i (V j ) = 8 ij , for l<i,j<N. 

We shall show the following two properties: 

(i) {9i, • • ■ , 9n} is a global holomorphic parallel frame of the holomorphic cotangent 
bundle T a ' r; 

(ii) The differential forms 9±, ■ ■ • ,9n are closed holomorphic (1, 0)-forms on T. 

In fact, to show (i), we use the fact that the affine connection V is holomorphic. Because 
V is holomorphic, the parallel frame {Vi, • • • , Vn} is a global holomorphic frame of T li0 T. 
This implies that the dual frame {#1, • • • ,9n} is a global parallel holomorphic frame of 
T* 1 ' T, which also gives that d9i is a (2, 0)-form on T, for each 1 < % < N. 

For (ii), notice the fact that V is torsion- free implies that the parallel holomorphic 
vector fields are commutative, i.e. [V k , V] = Vv k Vi — Vy ; V fc = for 1 < k, I < N. Then 
we get 

d9 i (V k , V) =\4(W)) - WiWfc)) - di([v k , V}) 
=V k (5 il )-V l (5 ik )-9 i (0) 
=0, for 1 < i, k, I < N. 

This shows that the (2, 0) part of each d6i is zero. Together with the above discussion 
that d9i is a (2, 0)-form, we get that d9-i = for each 1 < % < N. 

Because T is simply connected, these closed forms • • • , 9 N } are exact. This implies 
that there are holomorphic functions {ti, • • • ,tjv} uniquely defined on T such that 

dti = 9i and U(p) = 0, 

for each 1 < % < N. 

By (i), these globally defined holomorphic functions {t 1: ■ ■ ■ ,t N } satisfy that their dif- 
ferentials {dt\, • • • , dtN} give a global parallel frame of the holomorphic cotangent bundle 
of T, hence dt\ A • • ■ A dtN is never zero. Therefore given a local holomorphic coordi- 
nate system around any point q G T, the Jacobian of the functions {t±, ■ ■ ■ ,tN} in this 
local holomorphic coordinate system is nondegenerate. With this discussion, one can con- 
clude that the functions {ti, ■ ■ ■ , t^} form a local holomorphic coordinate system when 
restricted to a holomorphic coordinate chart around q, for each q G T. Therefore we can 
conclude that t = (ti, ■ ■ ■ ,tjv) T defined in this way is a holomorphic embedding from T 
to C N as it forms a global holomorphic coordinate system for T. 

Next we prove that (h, - ■ ■ , tjv) T = p p , and conclude t — (ti, • ■ • , £at) t is an affine map 
since p p is affine. 

Notice that dti — 9i — dri on U p , then by the uniqueness of {ti, ■ ■ ■ , tN}, we have 



ti(q)=Ti(q) for q e U p , 1 < i < N. 



25 



By Lemma 14.14 there exists a unique global holomorphic affine map p p : T — > C N = 
Hp~ l,n ~ s+1 that extends p , and when restricted to U p we have 

Pifa) = T i{q) for q G U p , 1 < i < N, 

where we write p p (q) = (pi(q), • • • ,Pn(<i)) T G C N . Note that for each 1 < i < N, the 
coordinate function ti and pi are both globally defined holomorphic functions on T, and 
they agree on an open subset U p C T, thus they must agree on the whole T, i.e. 

PM) = U(q) for q G T, l<i<N. 

By combining the above discussions we conclude that the holomorphic affine map 

p p : T^C N ^ H s p - x > n - s+ \ 

which can also be given by the global holomorphic flat coordinates p p = t = (ti, ■ ■ ■ , t7v) T , 
is a holomorphic affine embedding. This completes the proof of this theorem . □ 

Since we have obtained p p by extending the local holomorphic map p v : U p — > C N 
around p with p p (p) = 0, we will also call these global coordinates t — p p — {t\, ■ ■ ■ , t^} 
on T a global holomorphic flat coordinate system centered at p. 

As an alternative description of the construction of this global holomorphic flat co- 
ordinate (ti, ■ ■ • , tjv), which we only briefly describe, is by directly patching the local 
holomorphic coordinate charts through affine transformations to get the global holomor- 
phic affine coordinates. Both approaches are essentially equivalent, they crucially depend 
on the fact that the Teichmiiller space T of polarized and marked Calabi-Yau type mani- 
folds is a simply connected holomorphic affine manifold. In the following construction we 
will use affine transformations and standard obstruction theory. 

Let {(U q , ipg) : q G T} be the Kuranishi coordinate cover on T, where 

<P q --=Pu q = (T?,---y N ) T : U q ^C N 

denotes the local holomorphic coordinate map constructed in Section 13.21 Notice we 
slightly changed the notations of the local holomorphic coordinates just for making the 
argument here cleaner. We denote by Aff(C iV ) the group of holomorphic affine transfor- 
mations from C N to C^. 

Because the Kuranishi coordinate cover on T is a holomorphic affine coordinate cover, 
we have that the transition map ip q o tp', 1 g Aff(C iV ) for each q and q' in T whenever 
U q fl U q ' 7^ 0. Let us fix a point p G T and the holomorphic coordinate chart {rf , • • ■ , rjy} 
around p. Then we can choose an A q G Aff(C 7V ) for each coordinate chart (U q ,(p q ), such 
that 

A q o ip q = Aqi o <p q , whenever U q fl U q i ^ 0; 
A p = Id on U p . 

By using uniqueness of the analytic continuation of holomorphic functions, or repeating 
the standard argument that a flat vector bundle on a simply connected space is a trivial 
bundle, see for examples the discussions in [TT], Corollary 9.2 in Section 9 of Chapter II, 
and Theorem 4.1 in Section 4 of Chapter V, we know that the obstruction to make the 
above choices is in Horn (7Ti(T), Aff(C Ar )), where iii(T) denotes the fundamental group of 
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the Teichmiiller space T . Because T is simply connected, the obstruction vanishes. This 
implies that we may choose a new coordinate cover, 

{(Uq,1pq = A q Oip q ): q £ J } , 

such that 

ij q o ^p- 1 = Id for U q n Ug, ^ 0. 
This gives us the global holomorphic flat coordinates which agree with {r 1; • • • , tjv} on 

To close this subsection we describe the local exponential map from to T, where 
we identify with T p '°T and H p ~ 1)n ~ s+l , the identification is described in Section [2721 
We shall also show that it is an inverse map of the affine embedding p v : U p — > C N = 

TTS—l,n—S+l 

p 

One can define the exponential map on the holomorphic tangent space of a holomorphic 
affine manifold as follows. Let M be an N dimensional complex manifold with a holo- 
morphic flat connection V, which is defined in Section 13.11 Then for each point p£M 
and a basis {X%, ■ ■ ■ ,X N } of the holomorphic tangent space T p 1,0 M, we have the unique 
local holomorphic coordinate functions {t\, ■ ■ ■ , £/v} around p, such that 

— L = Xi for each i. 

Definition 4.3. Let M be a holomorphic affine manifold. For each pair (p, {Xi, • • ■ , X^}) 
as described above, the holomorphic map 

exp : T p lfi M -> M, 

t%Xi h> (ti, • • • , t7v) T - 

i 

on a neighbourhood of G T^'°M is called the exponential map according to (p, {Xi, • ■ ■ , X^}). 

In particular, the Teichmuller space T of polarized and marked Calabi-Yau type mani- 
fold is a holomorphic affine manifold. Recall that for a given point p 6 T and a generator 
[ftp] of H°> n ~ s , the holomorphic tangent space T^°T = # 0ll (Mp, T lfi M p ) is identified with 
H p ~ 1,n ~ s+1 by the isomorphism 

j : H ' 1 (M p ,T 1,0 M p ) H s p - l > n - s+1 

[if] !->■ 

If we fix bases {r] } and {771, • • • , 777V } of H s ' n ~ s and Hp~ 1,n ~ a+1 , respectively, we will have 
the local holomorphic coordinate chart given by the holomorphic functions {ti, • • • , r^r} 
in a neighbourhood C/ p of p as constructed in Section [3721 Then according to the definition 
of holomorphic exponential map, we have 

exp : T/T = H s p -^ n - s+l = C N -> T 

N 

with exp(J^ T^rji) = (r 1; • • • , t^) t , which is the holomorphic exponential map according 

i=l 

to the point p and the basis {i] } and {r/i, • ■ ■ , r/ N }. 
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On the other hand, the local coordinate map of the local holomorphic coordinate system 

ijV TJS— 1,71— s+1 



p Up : U p -> C" = fT'" 



iV 

with p p (ti, • • • , r^) = Tj?], is clearly the inverse of the above holomorphic exponential 

i=l 

map. 

4.2. Proof of the global Torelli theorem. 

Theorem 4.4. The period map $ : T — >■ -D is globally injective. 

Proof. For any p G T, we can construct a local holomorphic coordinate (£/ p , {r 1; ■ • • , t^}) 
accociated to a fixed basis {r] , rji,--- , r/^} of H^ n ~ s ®H^~ 1,n ^ s+l respectively as in Section 
13.21 We complete this basis {r] , • • • , t]n} to an adapted basis {r] , 771, • • • , ?7Ar, • • • , ?7 m -i} 
for the Hodge decomposition of $(p). 

Recall that in Section 14.11 we extend the local holomorphic coordinate map 

Pv, = (n,-, tn) t -.u p ^c n ^ h;-^- s+1 

to a global homolomorphic flat coordinate system 

P P = (h, ■ ■ • , t N ) T :T^C N = H*~ x,n ~ a+1 , 

with (ti(p), ■ ■ ■ ,^iv(p)) T = 0, which is a global holomorphic affine embedding. 

For any other point q G T, we have local holomorphic coordinates (U q , {a±, • • • , o~n}) 
associated to a fixed Hodge basis {Co>Ci 5 '" , Cn} of H^ n ' s © jjs-i,n-s+i ag defined 
in Section 13.21 We can also complete the basis {Coj&j'" Xn} to an adapted basis 
{Co, Ci) " " ' , Cn, 4 4 • , Cm-i} for the Hodge decomposition 

We can similarly extend the local holomorphic coordinate map 

I „ _ \T . T J . /pAf rv US— 1,71 — S+l 

Pc/ a = C ff i 5 • • ■ > ^Jvj : U q -»• <L = ii 9 
to a global homolomorphic flat coordinate map 

= • • • ,t' N f :T^C N ^ H s q -^- s+ \ 

with (t[(q), ■ ■ ■ ,t' N (q)) T = 0, which is a global holomorphic affine embedding. 

Applying the similar arguments as in Lemma 13.61 and Corollary 13. 7^ we take a smooth 
curve 7(3) to connect p = 7(0) and q = 7(1), and moreover we can choose 

= s < Si < ■ ■ ■ < s d _i < s d = 1, 

such that 7(s{ + i) G U 7 t Sl ). For each < / < d, the local holomorphic coordinate chart 
{U^{ai)i Oi j • • • ) r ^}) is as defined in Section l3~2l which is associated to a fixed basis 
{£o(7(s*)Ui(7(s*)),-- - ,6r(7(*i))} of © ^f" s+1 such that (t{° } , • • • , r^f = 

(ri, • ■ ■ , t n ) t , (t^\ ■■■ , t { x } ) t = (o"i, • ■ ■ , cTAf) T , and 

{Co(7(so)), £i(7(*o)), ' ' ' ' &v(7(so))} = {^0, Vu ■ ■ ■ , Vn}, 
{io(l(sd))Xi(j(sd}),--- ^Nd(sd))} = {Co,Ci,-" - Xn}- 
For simplicity, we denote 7(sz) = &/. 
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For each local holomorphic coordinate chart {Ubn{_ T i 



(I) 



.(i)h 



local holomorphic coordinate map 



Pi 



4 l \ 



(l)\T . 



N 



m 



,t^ ,j ), we can extend the 



-l,n— s+l 



to a global holomorphic affine coordinate map 

(4°, 



Pb, 



H, 



I— 1,71 — S + l 



with (tf\bi), ■ ■ ■ ,t^(bi)) T = 0, which is a global holomorphic affine embedding. 

For each < I < d, we complete the basis {Co(bi) , ^i(bi) , ■ ■ ■ 5 Cjv(^z)} to an adapted 
basis {£o(frz)> ' ' ' >£m-i(&z)} f° r the Hodge decomposition of $(&;), such that 

(fo(&o)> ■ • • ,£m-l(M) = fao, ■ • • ,f/m-l) and (£ (b d ), ■ ■ ■ ,Cm-l(M) = (Co, ■ ■ ■ ,Cm-l)- 

Since 6/ G £/&,_!, we apply Lemma 13.61 for each < / < d to get that there exists a 
non-singular block lower triangular matrix T(6i), such that 

(26) (£o(M,--- ,£m-i(M) = (£o(&i-i),-" ,em-i(6z-i))T(6i). 

We take T = T(b-y)T(b2) ■ ■ ■ T(bd-i)T(bd), which is a non-singular block lower triangular 
matrix, then 

(Co, • • • , Crn-l) = (Vo, ■■■ , r]m-l)T. 

Since U b[ H U bl _ x ^ 0, we use the same argument as in the proof of Theorem 13.91 to get: 
(27) 













Too{bi) 








+ 



T n (k) 
T m (bi) 



T NN (bi) 



T { $ir) 



reU bl n U b 



Since tj = rf on U bl , for all < / < d, 1 < j < N, we have for any r G U bl n t4j_ x : 



.(0 







■*r)(r)- 




"7io(6i)" 




(28) 


?oo(&i) 








+ 



T n (60 



T 17V (&/) 



Because T o{bi)t^ is globally defined holomorphic functions on T, so is Tj (bi) + 

^2iLiTji(bi)tf\ for each < / < d, 1 < j < N. By (|28|) . they agree on an open sub- 
set U bl fl ?7&!_i C T, therefore they must be the same on the whole T, that is, for any 
r G T, (ESI holds. 



We now compute the transition map between t and If we take t 



t(0 



(0\t 



(l,t^) T , and set the blocks of T(6;) and T as in the proof of Lemma [3.6[ then (|28|) can 
be written, 



(29) 

If we take 



1 




" T(6,) ' 







" 1 " 


t(l-l) 






T(^) 1 ' 1 







T(^ 



T(60°'° 
T(^) 1 ' T^) 1 ' 1 
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then ( 129]) can be written as 
(30) 



T w (bi)t 



(i-i) 



T(6j)* 



(0 



Thus we get the following formula for the transition map between and t^ d \ 



T 00 (b d )t i0) = T{b 



T(b d )t 



id) 



Note that since T(6;)'s are all block lower triangular matrices, we have 
7oo(&i) T 00 (b d ) = T°'°, and T{h) T(b d ) = 



T o,o o 

rpl,0 rpl,l 



By taking t<°) = t = (t 1} ■■■ ,t N ), and t w = tf = (t[, 
(31) r°'°(ti, • ■ ■ , t7v) T = T 1 ' + T 1,1 (t' 1 , 



,f N ), we get: 

5 L N! ■ 



Here T 0,0 , T 1,0 and T 1,1 are respectively the (0, 0), (1, 0) and (1, 1) block of the non-singular 
block lower triangular matrix T. 

Now we can prove $ : T — > D is injective by showing that = implies p = q. 
Indeed, if = then the non-singular block lower triangular matrix T is then a 

block diagonal matrix. In particular, we have T 1,0 = 0. Without loss of generality, we 
can choose (o = rj to get T°'° = 1. Therefore in ( 1HT|) . we have 



1; • • • j 



t N y 



with T ' non-singular. Thus 



(hip), t N ( P )) T = (o, • • • , o) T = T^&ip), • • • , t'Mf. 

and T 1,1 being non-singular implies that (t[(p),--- ,t' N (p)) T = (0, ■ • • , 0) T . But by 
the assumption (t'^q), • • • , t' N (q)) T = (0, • • • , 0) T and Theorem 14.21 which tells us that 
(t'i, ■ ■ ■ , t' N ) T gives an embedding from T into C , we get that p = q. This completes our 
proof. □ 



5. Applications 

In Section [5TT| based on the idea of a letter from Schmid to the authors |17j . we describe 
a geometric way to relate the holomorphic affine structure on the Teichmiiller space of 
polarized and marked Calabi-Yau type manifolds to the orbit iV + in D of the unipotent 
group. We define a Hodge completion T of the Teichmiiller space of polarized and marked 
Calabi-Yau type manifolds, and extend the period map to $ : T — > N + <— > D. In Section 
15.21 we further assume that the moduli space of polarized Calabi-Yau type manifolds is 
smooth and the global monodromy group acts on the period domain freely. Then we use 
the global Torelli theorem on Teichmiiller space of polarized and marked Calabi-Yau type 
manifolds to show that the period map on the moduli space of polarized Calabi-Yau type 
manifolds is a covering map onto its image. As a consequence, we derive that the generic 
Torelli theorem on the moduli space of polarized Calabi-Yau type manifolds implies the 
global Torelli theorem on the moduli space of polarized Calabi-Yau type manifolds. 

Again in this section, we will use the general conventions as defined in Section 12.11 
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5.1. Unipotent orbit and the Hodge completion of the Teichmiiller space. Let 

us first review some properties about the classifying space D for general polarized Hodge 
structure, and then restrict to our Calabi-Yau type manifold case. We refer the reader 
for more details to Section 2 and Section 3 in [T6] . 

The orthogonal group of the bilinear form Q in the definition of Hodge structure is a 
linear algebraic group, defined over Q. The group of the C-rational points is, 

G<c = {g G GL(H C )\ Q(gu,gv) = Q{u,v) for all u,v G H c }. 

which acts on D. As one can check in [5J that Gc acts transitively on D. 
The group of real points in Gc is 

Gr = {g G GL(H R )\ Q(gu,gv) = Q(u,v) for all u,v G H R }. 

which acts as a group of automorphisms on D. Again one can use simple arguments in 
linear algebra to conclude that G R acts transitively on D. 

Consider a variation of Hodge structure $ : S — > D from a complex manifold S to 
the classifying space as defined in Section 12.11 Let us fix a point p G S, with the image 
o =: = {Fp }£ =0 G D. The points p G S and o G D C D may be referred as the base 
points or reference points. We also fixed an adapted basis {770, • • • , ^ m -i} f° r the Hodge 
decomposition of With the fixed adapted basis {r] , ■ ■ ■ ,T] m ^i} at the base point, 

one obtains matrix representations for elements in Gc and G R . 

First, let us exhibit D and D as quotients of Gc and Gr. Notice that a linear transfor- 
mation g G C7c preserves the reference point precisely when gF* = Fjf. Thus this gives 
the identification 

(32) D ~ Gc/B, with B = {g G G c \ gF* = F p fc , for any k}. 

Notice that this isomorphism is a complex holomorphic isomorphism. In fact, with the 
identification fl32l) the identity coset and the base point o correspond to each other. As 
a quotient of a complex Lie group by a closed complex Lie subgroup, Gc/B has the 
structure of complex manifold. 

Similarly, one obtains an analogous identification 

D ~ G R /V m> D, with V = G R n B, 

where the embedding corresponds to the inclusion G R /V = G R /G R H B C Gc/B. 

Next let us express the holomorphic tangent space of D and D as quotients of Lie 
algebras. 

The Lie algebra g of the complex Lie group Gc can be described as 

q = {X G End(#c)| <5(Aw,t;) + g(M,Xw) = 0, for all u,v G 

= {X G End(# c )| aq + QA T = 0}. 

It is a simple complex Lie algebra, which contains go = {A G g| XH R C Hr} as a real 
form, i.e. g = go © ^go- With the inclusion G R C Gc, go becomes Lie algebra of G R . One 
observes that the reference Hodge structure {Hp' n ~ k }k=o °f induces a Hodge structure 
of weight zero on End(fZc)- It can be checked that the subspace g C End(ifc) carries a 
sub-Hodge structure of weight zero, namely, 

(33) = fc '" fc > with 5 k '~ k = {X e 8\XH;> n ~ r c H r p +k ' n ' r - k }. 
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Since the Lie algebra of B consists of those X e that preserves the reference Hodge 
filtration {F^ }£ =0 , according to the decomposition (1551) . one has 

(34) b = ©0H 

fc>0 

The Lie algebra D of V is thus 

(35) D = g nb = fl onbnb = flo ng ' . 

As an observation, we notice that 

(36) Ad(s)( fc '- fc )c0fr\ forces. 

i>k 

In terms of matrix representation with the fixed base point and fixed adapted basis 
at the base point, elements in B C Gc are of non-singular block upper triangular, and 
elements in V C Gr are of non-singular block diagonal. From AM]) , one can see that any 
element in b C is a block upper triangular matrix. Similarly from (|35|) . elements in 
D C flo are block diagonal matrices. 

With the above discussion, one gets that the holomorphic tangent space of D = Gc/ B 
at p is naturally isomorphic to g/b, i.e. 

(37) T^D = 0/b. 
Because of (131))) . 

(38) b e 0- 1 ' 1 /b C 0/b 

defines an Ad(5)-invariant subspace. By left translation via Gc, it gives rise to a Gc- 
invariant holomorphic subbundle of the holomorphic tangent bundle T^ ,0 D at the base 
point. It will be denoted by T^'^D, and will be referred to as holomorphic horizontal 
tangent bundle at the base point. One can check that this construction does not depend 
on the choice of the base point o e D. 

As another interpretation of this holomorphic horizontal bundle at the base point o G D, 
one has: 



(39) T l f b ~ T l /D n Hom(F;/F p fc -\ F p k ~ 1 /F } 



k-2\ 
P 

k>l 



The horizontal tangent subbundle at the reference point o, restricted to D, determines a 
subbundle T '^D of the holomorphic tangent bundle T^'°D of D at the reference point. 
The Gc-invariace of T^D implies the Gj$-invariance of T^'^D. 
Now let us take a nilpotent Lie subalgebra of 0: 

n + = ©0- fe < fc 

fc>i 

with its corresponding unipotent Lie subgroup in Gc, 

iV + = exp(n + ). 

With the above descriptions (133]) and fl34|) of the and b respectively, one gets 
(40) 0/b ^ n+. 



32 



XIAOJING CHEN, FENG GUAN, AND KEFENG LIU 



In terms of matrix representation with the fixed base point and fixed adapted basis 
at the base point, the elements in n + are block lower triangular matrices in g with the 
diagonal blocks being all zeros. Correspondingly, elements in N + are block lower triangular 
matrices in Gc with the diagonal blocks being all identities. 

Note that iV + is defined to be a subgroup in Gc, but we can also view N + as a subset 
in D as follows: 

N + = N+( base point ) = N+B/B C D, 

that is, we identify an element c G N + with [c] = cB G D. Without causing confusion, 
we denote by N + the unipotent orbit of the base point under the action of the unipotent 
group iV + . In the rest of the paper, we will view N + as a subset of D in this way. 

Using the identification fl37j) . fl38|) and (J4"0]) . and the property that D C D open, we get 
the following isomorphisms and an affine embedding: 

Top = T$D = b © jf^/b ^ 0/6 = n + . 

In short, we get the following affine embedding, 

Tip ^ n + . 

We now restrict our discussions to the case of Calabi-Yau type manifolds. 

By the interpretation flBTJj) . as well as the Griffiths transversality, we know that for the 
period map $ : T — > D from the Teichmiiller space of polarized and marked Calabi-Yau 
type manifolds to the period domain, we have 

**(tZ>°T)ct$d 

at the base point. Moreover, together with Proposition 12.61 we have the following isomor- 
phisms and affine embeddings, 

(41) Hf 1 *"-'* 1 = P; o ^(T/T) ^ $*(Tp'°T) C T$D = b © Q'^/b ^ g/b ^ n+. 

For the base point p G T, we can define a local holomorphic coordinate chart (U p , Ti, • • • , tjv) 
around p as in Section [3721 associated to the fixed basis {rjo, ■ • • , of H s p ' n ~ s @H s p ~ 1)n ~ s+l . 
We then get a local holomorphic affine embedding 

(42) p Up : U p ->• C N ^ H s p - l ' n - s+l = T p lfi T 

by letting p Up (q) = (ti(<?), • • • , t n(q)) for any q G U p . Combining f|4T]) and f )42|) . we have 
the following inclusion 

Up c^ n + . 

We shall define a map ipu P '■ U p —> N + , and use the matrix representation to show that 
the following diagram is commutative: 




D. 



33 



First, we can choose any adapted basis {Co, • • • , Cm-i} f° r the Hodge decomposition of 
and by Lemma we know that there exists a non-singular block lower triangular 
matrix T(q), such that 

(Co, • • • , Cm-i) = (Vo, • • • , Vm-i)T(q). 

More explicitly, if we denote 7 = 2s — n, then T(q) has the following form, 

T°'° 

T 1,0 T 1,1 

^2,0 rp2,2 . . . Q Q Q 



rpf-2,0 rp-y-2,1 rp-y-2,2 
yy— 1,0 r T"y— 1,1 ^1—1,2 
2^7,0 ^'7,1 y7i2 



^7—2,7—2 
r T''y— 1,7— 2 
2~'7'7~2 





rp-y— 1,7"— 1 
r j v y,-f— 1 








In terms of matrix representation, we let H^ denote the set of all block lower triangular 
matrices in £?c, then one can see that T(g) G W. Moreover, since $(g) e D = Gr/V, 
thus [T(g)] G -D, i.e. there exists X & B, such that T(q)X G (jr. Therefore we can firstly 
define 



g H> T(g). 



and then we can define j : W — >■ iV + by sending T(g) to the following element in iV. 



+ ■ 



i(T(g)) 



0,0> 



(T 



( T 0,0)- 

(T°>°) 



-lj>l,0 

1^7-1,0 
—1^7,0 





frpl,l\-lrp-y— 1,1 



(T 








,7-1,7-n 



L^7,7— 1 










G TV, 



Actually, the map j is simply the quotient map W —> W/W D -B. 
Now we can define ipu p as the composition map: 

*k P =3°i>u P ■ U p -»■ JV+. 

With the above description about ipu p , one can easily see that the above local diagram 
is commutative. In particular, 

q _> ( T o, 0) -i T i,o 



We make a remark about the choices of the adapted bases for $(g). If we choose 
different adapted basis (Co, " " ' > d-i) ^ or ^ ne Hodge decomposition of $(g), then we 
still get a non-singular block lower triangular matrix T(q)', such that (C , • • • , Cm-i) = 
(?7o, • • • , r] m _i)T(q)' . As another adapted basis of the Hodge decomposition for $(g), there 
exists C G V, such that (C , • • • , C-i) = (Co, • • • , (m-i)C, which gives (Co, • • • , Cm-i)C = 
(?7o, ■ • • ,Vm-i)T(qy. On the other hand, (Co, ■ • • , Cm-i) = (?7o, • • • ,Vm-i)T(q), therefore 
T(g)'C _1 = T(g). Thus we conclude that as an element in D = G^/V, [T(g)'C _1 ] = 
[T(q)] G D. Therefore since we view N + C -D, the map V'c/p : £^ _ > N + doesn't depend 
on the choices of the adapted bases for the Hodge decomposition of $(g). 

Now let us extend the local commutative diagram to a global commutative diagram. 
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On one hand, recall that in Section 14.11 we extend p u to a global holomorphic affine 
map, 

(43) p p : T^C N ^ H s p ^ n - S+1 . 

Now combining (j4"T|) . (J4"2j) and we have a global affine embedding: 

with the affine structure on T defined in Section [31 

On the other hand we can also extend ipu : U p — > N + , in the following way. For any 
point q G T, we choose an adapted basis {Co, • • • , Cm-i} for the Hodge decomposition for 
then by Corollary 13.71 we have a non-singular block lower triangular matrix T(q), 
such that 

(Co, ■ • • , Cm-l) = (?70, ■ ■ • , Vm-l)T(q). 

Therefore, using exactly the same definition as for ipu : U p — > N + , we can define a global 
affine map 

Moreover with the defnition of this r/) p , we can define 

If we write p p = (pi, ■ ■ • , Pat) and p^, = (p'i, • • • , Pat), obviously by their definitions, we 
have 



pi = p'i on U. 



p- 



with Up C T open. As globally defined holomorphic functions, they must agree on the 
whole T, i.e. 

Pi = p\ on r. 

Therefore we get the global commutative diagram: 




cxp 



D N: 



D. 

From this diagram, we can extend the period map on the Techmulcer space of Calabi- 
Yau type manifolds to the following map: 

$ : C N ^ N + ^ D. 

Take T = $ _1 (-D), and we call it the Hodge completion of the Teichmiiller space T of 
polarized and marked Calabi-Yau type manifolds. Notice that T D T . Indeed, because 
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$| r = $| T; we get $(T) = <&(T) C -D. Therefore $ _1 (.D) = T D T. As a restriction of 
the affine embedding if : — > n + on the T, we get the following affine embedding, 

with d = dimn + , as well as a map on T: 

$ :T ^ D, 

which is an extension of the period map $. 

In a subsequent paper we will study more detailed about the geometric properties of 
this Hodge completion T of the Teichmiiller space T of polarized and marked Calabi-Yau 
type manifolds. 

5.2. The period map on the moduli space. In this subsection, we assume that 
the moduli space of polarized Calabi-Yau type manifolds is smooth. Let G% = {g G 
Gc\ gHz C Hz}, then for the smooth moduli space Ai, we can consider the period map 

$M : M D/T, 

where T = linage^ — >■ G%) denotes the global monodromy group which acts properly 
and discontinuously on the period domain D. 

For the two period maps $ and we have the following commutative diagram, 




where ir T : T — > Ai is a covering map and $ = he, o $. The image of the period map 
$x is an analytic subvariety of D/T. We refer the reader to page 156 of [6] for details of 
the analyticity of the image of the period mapping. 

Global Torelli problem on the moduli space Ai asks when is injective, and generic 
Torelli problem asks when there exists an open dense subset U C M. such that <&m\u is 
injective. In both cases we need to understand the global Torelli property of the period 
map on the moduli space. 

Furthermore, we assume T acts on D freely, thus the quotient space D/T is a smooth 
analytic variety. Therefore the quotient map 

ii£) : D — )■ D/T 

is a covering map. We shall show in the following theorem that $x is a covering map onto 
its image, and then conclude that generic Torelli theorem implies global Torelli theorem 
on the moduli space of polarized Calabi-Yau type manifolds. 

Theorem 5.1. Let M. be the moduli space of polarized Calabi-Yau type manifolds. If Ai 
is smooth, and the global monodormy group T acts on D freely, then the period map on 
the moduli space : M. — > D/T is a covering map from Ai to its image in D/T. As a 
consequence, if the period map on the moduli space is gcnerically injective, then it is 
globally injective. 



Proof. First, we show that $m is a covering map from Ai to its image in D/T. This relies 
on the following lemma, 
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Lemma 5.2. Let $ : T — > D — > D/Y be the composition of $ and the covering map 
D — > D/Y. If there exist two points p[ ^ P2 G T suc/i that $(pi) = $(^2), t/ien t/iere exzsi 
Vi and V2, which are neighbourhoods of pi and p 2 respectively, such that $(Vi) = ^(V^), 
Vi PI V2 = 0, and £/ie map 

$ : V, ->• 

for each i — 1, 2 zs an isomorphism. 

Proof of Lemma [Ql By the argument at the begin of Section I2TTI we can identify a point 
<&(p) = {F p s C F p s_1 C • ■ ■ C -F p n G D with its the Hodge decomposition $(p) = 

r TTk,n—k\S 

\ p ik=n—s' 

Let $(pi) = {H~ j n ~ h } s k=n _ s and $(^2) = {H~^ n ~ k } s k=n _ s be the corresponding Hodge 

decompositions. Then the condition = $(^2) implies that there exists some 7 G 

r C Aut(# n (M,Z)), such that 7 ■ $(pi) = $(p 2 ). 

We fix an adapted basis , ^1 > * ' * > ^jv > * * ' > ^m-i) f° r the Hodge decomposition of 
$(pi). Let 

r (2) (2) (2) (2) -, r (1) (1) (1) (1) -, 

Then {t]q, r]f\ ■ ■ ■ , 77^, • • • , 77^1} forms an adapted basis for the Hodge decomposition 
of $(p 2 ). 

Let (Ufa, {t[ , • • ■ ,t^)}) be the local holomorphic coordinate chart associated to the 
basis {t]q \ t)i, ■ ■ • , rj^} of if~ n_s ©if~~ 1 ' n ~' s+1 , for i = 1, 2 respectively, which are defined 
in Section 13.21 In this proof, we use the same notation for a point G as its 
corresponding coordinate in the local holomorphic coordinate (Up v {r[ , • • • , t$ }). Then 
Theorem 14.21 shows that we have the following embeddings, 

Pl : U p ~^C N = Ht^+\ p 2 : U p ~ 2 ^ C N = H^ n - s+l . 

with Pt {rf\ ■ ■ ■ , rf ) = Ef =1 rftf >, for , = 1,2. 

Because dime Z/p; = dime ,n ~ s+1 = dime T and that P j is an embedding, we have 
that the image PiiU^) is open in > n ~ s+1 for each i — 1,2. This implies that 7- p\{Up x ) 
and (7 • piiUpi)) fl p2{Uf 2 ) are also open in ,n ~ s+ . Together with the fact that 
7 • Pi(pi) = Pi(j>i) £ (7 " Pi(^pJ) n P2(Uf 2 ) 7^ 0, we get that there exists a neighbourhood 
W of p 2 (^2) in ,n ~ s+ , such that 

Wc( 7 -pi(%))np 2 (%). 

Let Vi = p^ 1 (7 _1 • H 7 ) C Z7^j and V 2 = P2~ l (W) C £7p 2 , then the restriction maps 

(44) Pl \ Vi : V X ^W, 

(45) p 2 |^: V 2 ^W, 

are biholomorphic maps since the P \ and p 2 are embeddings. Then from the global 
commutative diagram introduced in Section I5TT1 we get the following composition maps, 
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$ 2 |~ : V 2 W< C N H ir^-s+l c — ^ n+ N+ ^ p 

Notice that the composition maps from W to D in the above two maps are the same. 
Together with the isomorphisms between V\ = W and V 2 = W as defined in (jHJ) and (HHJ), 
We now can conclude that 7 • $(Vi) = ®(V 2 ), which implies = $(^2) = ■k d (W). By 

shrinking W properly, we can make V\ and V 2 disjoint, and also we have that the map 

for each % = 1, 2 is an isomorphism. □ 
Notice that in the following commutative diagram: 




since T and Ai are both smooth, the map tt-j- is a covering map. This implies that ttj- is 
a local isomorphism. 

Now for any Hodge structure {H k ' n ~ k } s k=n _ s G D/T, if the pre-image ^J^{{H k,n ~ k } s k=n _ s ) = 
{pi\ i G /} is not empty. Take {pj\j G J} = 7T~ 1 ({pi | i G /}). By Lemma Iq"T2"| for each 

j G J, we get Vj C T which is a neighbourhood around Pi such that 

is an isomorphism, UjVj is a disjoint union, and all the $(Vj) are the same. Now take 
{Vk\ k G K} = {ir r (Vj)\ j G J}. By shrinking the set W as in Lemma I5T21 properly, we 
can still make UkVk a disjoint union, and the images $M(^fe) — ^d(W), for any fc, are 
still all the same. Moreover, since ir T is covering map, the map 

is still an isomorphism for each G K. Therefore the holomorphic map 

§m ■ M ->■ <&m(.M) 

is a covering map. 

In particular, if the map $x : Ai — > $m(-M) is generically injective, then &m : Ai — > 
$x(A^) is a degree one covering map, which must be globally injective. □ 

Note that in many cases it is possible to find a subgroup r of T, which is of finite index 
in T, such that its action on D is free and D/T is smooth. In such cases we can consider 
the lift &Ma '■ -Mo — ► D/Tq of the period map $m, with Aio a finite cover of Ai. Then 
our argument can be applied to prove that $_m is actually a covering map onto its image 
for polarized Calabi-Yau type manifolds with smooth moduli spaces. 

In this subsection, we require that the moduli space Ai of Calabi-Yau type manifolds 
are smooth, and there are many nontrivial examples satisfying this requirement. As in 
the special cases of simply connected Calabi-Yau manifolds, one may see from Popp [TJ], 
Viehweg [22J and Szendroi [19] that the moduli spaces Ai of Calabi-Yau manifolds are 
smooth. 
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